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Abstract
In this paper, we consider the positive solution of the Cauchy problem for the equation
ut = upu+ uq, p > 1, q > 1
and give a secondary critical exponent of the behavior of initial value at inﬁnity for the
existence of global and nonglobal solutions of the Cauchy problem. Furthermore, the life span
of solutions are also studied.
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1. Introduction
In his seminal paper [3], Fujita considered the initial value problem:
ut = u+ up, x ∈ RN, t > 0,
u(x, 0) = u0(x), x ∈ RN, (1.1)
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where N1, p > 1 and u0(x) is a bounded positive continuous function. In [3], it
is shown that there is a critical exponent p∗1 = 1 + 2N such that the solution u(x, t)
of (1.1) blows up in ﬁnite time for all u0(x) if 1 < p < p∗1; and there are global
solutions and nonglobal solutions if p > p∗1 . The number p∗1 is the so-called Fujita
critical exponent. In [11,12], Hayakawa and Weissler have shown that p∗1 belongs to
the blow-up case. In fact, a similar Fujita’s critical exponent for the following Cauchy
problem is also given as p∗m = m+ 2N .
ut = um + up, x ∈ RN, t > 0,
u(x, 0) = u0(x), x ∈ RN, (1.2)
where p > 1,m > 1 or 1 > m > max{0, 1 − 2
N
} and u0(x) is nonnegative bounded
and continuous function. In [4,6,19] they have proved that the solution u(x, t) of (1.2)
blow up if 1 < p < p∗m; while both global and nonglobal positive solutions exist if
p > p∗m. When p = m+ 2N , in [16,17] Mochizuki, Mukai and Suzuki have proved that
the solutions of (1.2) blow up in ﬁnite time (see also [5,7,20]). For more references
on this topic, we refer the readers to see [1,13,14] and references therein. In partic-
ular, when m > 1, after the transformation u(x, t) = avm(bx, t), a = mm/(p−1), b =
m(p−m)/2(p−1), the equation in (1.2) is translated to
vt = v v + v, (1.3)
where  = m−1
m
∈ (0, 1) and  = m+p−1
m
∈ (1,+∞), and one of the results derived in
[6] reads as follows:
(1) For 1 < + 1+ 2
N(1−) there are no global positive solutions.
(2) For  >  + 1 + 2
N(1−) , there are both global solution and solutions blowing up
in ﬁnite time.
Recently, in paper [26] Winkler droped the restriction  ∈ (0, 1) in (1.3) by consider-
ing general positive p, more precisely, he have studied the following Cauchy problem:
ut = up u+ uq, x ∈ RN, t > 0,
u(x, 0) = u0(x), x ∈ RN. (1.4)
where u0 ∈ C0(RN)∩L∞(RN) positive and p1 as well as q1. That the exponent
p = 1 indeed appears as some kind of turning point for the diffusion coefﬁcient in
degenerate parabolic equation not in divergence form is already indicated in [15,24,25]
where it is proved that the support of weak solution to (1.4) does not increase with
time if p1. This behavior, contrary to the case p < 1, may be interpreted as a
consequence of the fact that near points where u in small, diffusion is weakened more
effectively when p1. Moreover, in [26] he obtained the following results:
(i) For 1q < p + 1 (resp. 1q < 32 if p = 1) all positive solutions of (1.4) are
global but unbounded provided that u0(x) decreases sufﬁciently fast in space.
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(ii) For q = p + 1, all positive solutions of (1.4) blow up in ﬁnite time.
(iii) For q > p + 1, there are both global and nonglobal positive solutions, depending
on the size of u0(x).
It follows from (i)–(iii) that there is a critical growth exponent qc = p + 1 for
(1.4) which now, however, has a slightly different meaning and is independent of the
space dimension N . Moreover, unlike Eqs. (1.1) and (1.2), Eq. (1.4) for p1 has the
property that the critical exponent qc would be the same if we replaced RN with any
smooth bounded domain  ⊂ RN ; namely, in this case the results in [22,24] imply
global existence for 1q < p + 1 and the proof of Theorem 5.1 in [26] have shown
that both global existence and ﬁnite time blow-up may occur in  if q > p + 1. The
critical exponent q = p + 1 in bounded domain is more subtle (see [2,8,23]).
In this paper we shall study the behavior of solutions u(x, t) of (1.4) while the initial
values u0(x) have slowly decay near x = ∞. For instance, in case
u0(x) ∼= M|x|−a
with M > 0 and a0, we are interested in the question of global existence and
nonexistence of solutions for (1.4) in terms of M and a. These problems have been
studied by Lee and Ni [13] and Gui and Wang [8] for the Cauchy problem (1.1). In
[12] Huang et al. have obtained similar results for the Cauchy problem of semilinear
system of equations ut = u+ vp, vt = v + uq with pq > 1. Recently, Mukai et al.
[18] (for the case 1 < m < p) and Guo [9] (for the case (1 − 2
N
)+ < m < 1) have
studied the Cauchy problem (1.2). It is shown that for p > p∗m = m + 2N there is a
secondary critical exponent a∗ = 2
p−m such that the solution of (1.2) blows up in ﬁnite
time for any initial value u0(x) which behaves like |x|−a at |x| = ∞ if a ∈ (0, a∗); and
there are global solutions for initial value u0(x) which behaves like |x|−a at |x| = ∞ if
a ∈ (a∗, N). Motivated by their work, we shall partly extend these results to degenerate
parabolic equation (1.4) when N2, p > 1 and q > p + 1+ 2
N
.
Throughout the rest of this paper, we shall use the following notations. We set
Cb(RN) to be the space of all bounded continuous functions in RN and for a0,
a = {(x) ∈ Cb(RN);(x)0 and lim sup
|x|→∞
|x|a(x) <∞},
a = {(x) ∈ Cb(RN);(x)0 and lim inf|x|→∞ |x|
a(x) > 0}.
For two functions f (r) and g(r), we say that f ∼ g near r = 0 (∞, respectively) if
there exist two positive constants C1, C2 such that C1f (r)g(r)C2f (r) near r = 0
(∞, respectively). The letter C denotes a positive constant which may vary from line
to line.
Moreover, we let
q > q∗ = p + 1+ 2
N
, a∗ = 2
q − p − 1 . (1.5)
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Then our mainly results of this paper will be summarized as follows.
Theorem 1.1. For N2, p > 1. Suppose that u0 ∈ a for some a ∈ (0, a∗). Then the
solution u(x, t) of the Cauchy problem (1.4) blows up in ﬁnite time.
Theorem 1.2. Suppose that u0 = (x) for some  > 0 and  ∈ a for some
a ∈ (a∗, N). Then there is 0 = 0() > 0 such that the solution u(x, t) of the Cauchy
problem (1.4) exists globally for all t > 0 if  < 0, and have
‖u(x, t)‖∞Ct−a f or all t > 0. (1.6)
where  = 1/(ap + 2).
Comparing Theorems 1.1 and 1.2, we see that under the condition q > q∗ = 1 +
p+ 2
N
, the number a∗ = 2/(q−p−1) gives another cut off between the blow-up case
and the global existence case.
At last, we consider the life span of the Cauchy problem (1.4), and give an estimate
of the life span from below and from above.
Theorem 1.3. (i) Suppose that  ∈ Cb(RN) and ‖‖∞ = (0) > 0. Then there exists
10 such that T ∗ <∞ for any  > 1, and for any 0 < l0 < 1, we have
1
q − 1 
1−q(0) lim inf
→∞
q−1T ∗  lim sup
→∞
q−1T ∗ 
1
(1− l0)(q − 1) 
1−q(0).
(ii) Suppose that  ∈ Cb(Rn) and ‖‖∞ = lim|x|→∞  = ∞ > 0. Then T ∗ < ∞for any  > 0, and for any 0 < l0 < 1, we have
1
q − 1 
1−q∞  lim inf
→0
q−1T ∗  lim sup
→0
q−1T ∗ 
1
(1− l0)(q − 1) 
1−q∞ .
This paper is organized as follows. Some preliminaries on self-similar solution of
the degenerate equation ut = up u are given in Section 2. Theorems 1.1, 1.2 and 1.3
are, respectively, proved in Sections 3–5.
2. Preliminaries
In this section, we look for radially symmetric forward self-similar solutions UM,a
(x, t) to the Cauchy problem
ut = up u, x ∈ RN, t > 0,
u(x, 0) = M|x|−a, x ∈ RN. (2.1)
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In fact, this solution is given by the following form:
UM,a(x, t) = t−afM
( |x|
t
)
,  = 1
ap + 2 (2.2)
for some positive function fM satisfying the following boundary problem:
f ′′M(r)+
N − 1
r
f ′M(r)+
1
f
p
M(r)
(rf ′M(r)+ afM(r)) = 0, r > 0
f ′M(0) = 0, limr→∞ r
afM(r) = M. (2.3)
Next, we shall prove that the existence of solution fM(r) to (2.3) by the following
ordinary differential equation, and furthermore we can obtain more properties of the
solutions fM(r).
At ﬁrst, given a ﬁxed  > 0, we consider the following initial value problem:
h′′(r)+ N − 1
r
h′(r)+ 1
hp(r)
[rh′(r)+ ah(r)] = 0, r > 0,
h(0) = , h′(0) = 0. (2.4)
By applying a method used in [26,9], we can show that the solution h(r) of the Cauchy
problem (2.4) is positive, decreasing and h(r)→ 0 as r →+∞. Moreover,
lim
r→+∞ r
ah(r) = M
for some M = M() > 0.
Secondly, we shall prove that there is a one-to-one correspondence between M ∈
(0,+∞) and  ∈ (0,+∞). Indeed, this can be seen from the following relation:
h(r) = h1(	r), 	 = −p2 < 0.
Hence
M() =  ap2 +1M(1) =  12M(1), (2.5)
where M(1) = limr→+∞ rah1(r), and h1(r) is the solution of (2.4) for  = 1.
Therefore, we can conclude that for each M > 0, there is a positive, bounded and
global solution fM(r) satisfying (2.3).
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3. Blow-up case
We shall ﬁrst consider the special exterior domain ER = {x : |x| > R}, R > 0.
In order to obtain a blow-up condition corresponding to (1.4), we have to modify the
function e−
|x|2 used in [10,18] to ﬁt to the exterior domain ER ⊂ RN , and introduce
following two lemmas:
Lemma 3.1 (Mochizuki and Suzuki [17]). Set S
(x) = R(|x|)e−
(|x|−R)2 , where
R(r) =
{
r−R
r
, N3,
log r − logR N = 2.
Then S
(x) ∈ C2(ER) satisﬁes the following properties:
S
(x) − 2(N + 2)
S
(x), x ∈ ER,
S
(x) = 0, x ∈ ER,
S
(x) > 0 in ER and
∫
ER
S
(x) dx < +∞.
Lemma 3.2 (Mochizuki and Suzuki [17]). For S
(x) given above, we have
∫
ER
S
(x) dx =
{
N/2
−N/2{1+ o(1)}, N3,

−1 log(
−1/2){1+ o(1)}, N = 2,
as 
→ 0.
Proof of Theorem 1.1. We shall prove Theorem 1.1 by two step below.
Step 1: For any a ﬁxed exterior domain ER = {x : |x| > R}, R > 0, we take

(x) = A(
)S
(x), where S
(x) is given above and A(
) = 1/
∫
ER
S
(x) dx. Suppose
that u(x, t) is the solution of the Cauchy problem (1.4) and T is life span of the
solution u(x, t), and let
J
(t) = 1
p − 1
∫
ER
u1−p(x, t)
(x) dx, t ∈ [0, T ). (3.1)
Then J
(t) ∈ C0([0, T )) ∩ C1((0, T )) and we have by Lemmas 3.1 and 3.2
J ′
(t) = −
∫
ER
ut
up

(x) dx = −
∫
ER
(u+ uq−p)
(x) dx
 2(N + 2)

∫
ER
u
(x) dx −
∫
ER
uq−p
(x) dx. (3.2)
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Since p > 1, q − p > 1, and ∫
ER

(x) dx = 1, by Jensen’s and Holder’s inequalities,
we have
∫
ER
u1−p
 dx
(∫
ER
u
 dx
)1−p
and
∫
ER
uq−p
 dx
(∫
ER
u

)q−p
. (3.3)
It follows from (3.3) that
∫
ER
uq−p
 dx 
(∫
ER
u
 dx
)q−p−1 ∫
ER
u
 dx

(∫
ER
u1−p

)−(q−p−1)/(p−1) ∫
ER
u
 dx
= [(p − 1)J
(t)]−(q−p−1)/(p−1)
∫
ER
u
 dx. (3.4)
Thus, by (3.2)–(3.4), we obtain
J ′
(t)  2(N + 2)

∫
ER
u
 dx − ((p − 1)J
(t))−(q−p−1)/(p−1)
∫
ER
u
 dx
 −2(N + 2)

∫
ER
u
 dx. (3.5)
The second inequality in (3.5) holds as long as
J
(t)
1
p − 1
(
1
4(N + 2)

)(p−1)/(q−p−1)
for all t ∈ [0, T ). (3.6)
Hence, if (3.6) holds, then by (3.3) and (3.5), we have
J ′
(t) − 2(N + 2)
(p − 1)−
1
p−1 J
− 1
p−1

 (t) (3.7)
from which it follow that if J
(0) satisﬁes
J
(0)
1
p − 1
(
1
4(N + 2)
)
) p−1
q−p−1 = C0, (3.8)
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then J
(t) decreases and remains below C0 for all t ∈ [0, T ]; and an integration of
(3.7) shows that
J
(t)(J
p
p−1

 (0)− C1t)
p−1
p (3.9)
with C1 = 2(N + 2)
p(p − 1)−p/(p−1).
Therefore, from (3.9) we obtain that J
(t) → 0 as t → T = 1C1 J
p/(p−1)

 (0), that is
u(x, t) blows up in ﬁnite time.
Step 2: It remains to verify the blow-up condition (3.8). Since u0(x) ∈ a for some
a ∈ (0, a∗), there are positive constants M and R0 such that u0(x)M|x|−a for all
|x|R0. Taking R = R0 in Step 1 above, by p > 1 and Lemma 3.2, we have
J
(0) = 1
p − 1
∫
ER0
u
1−p
0 (x)
(x) dx
 M
1−pA(
)
p − 1
∫
|x|R0
|x|a(p−1)S
(x) dx
= M
1−pA(
)
p − 1
∫
|x|R0
|x|a(p−1)R0(|x|)e−
(|x|−R0)
2
dx
= M
1−pA(
)
p − 1 

−N2 

−a(p−1)
2
∫
|y|√
R0
|y|a(p−1)R0
(∣∣∣∣ y√

∣∣∣∣
)
e−(|y|−
√

R0)2 dy (3.10)
Since a < a∗, by Lemmas 3.1 and 3.2, we may choose 
 > 0 so small that (3.8) holds.
Therefore, the proof of Theorem 1.1 is complete. 
4. Global existence
In this section, we shall prove Theorem 1.2 by constructing a global supersolution
by using the self-similar solution UM,a(x, t) in Section 2.
Proof of Theorem 1.2. Since (x) ∈ a , there is a positive constant K such that
(x)K(1+ |x|)−a for all x ∈ RN.
Let M > K , consider the self-similar solution
UM,a(x, t) = t−afM
( |x|
t
)
,  = 1
ap + 2 .
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Since limr→+∞ rafM(r) = M > K , there exists a positive constant R0 such that
rafM(r) > K for rR0.
Set  = fM(R0) = min{fM(r) | r ∈ [0, R0]} > 0, then it is easy to verify that
(x)UM,a(x, 0) for all x ∈ RN , where 0 ∈ (0, 1) and −a0  > ‖‖∞. Let  > 0,
then w(x, t) = UM,a(x, pt + 0) is the solution of the following problem:
wt = wpw, x ∈ RN, t > 0.
w(x, 0) = UM,a(x, 0), x ∈ RN.
Taking  = fM(0), then we have
‖w(x, t)‖∞ = (pt + 0)−a (4.1)
since fM() is decrease.
Next, introduce the function v(x, t) = A(t)w(x, B(t)), where A(t) and B(t) are
solutions of the following problems:
A′(t) = q−1q−1[pB(t)+ 0]−a(q−1)Aq(t), t > 0,
B ′(t) = Ap(t), t > 0,
A(0) = 1, B(0) = 0. (4.2)
Then it is easy to verify that v(x, t) satisﬁes
vtvpv + vq, t > 0, x ∈ RN,
v(x, 0) = w(x, 0) = UM,a(x, 0)(x), x ∈ RN.
Therefore, by Lemma 4.1 below, we obtain that the solution of (1.4) with u0 = 
exists globally and u(x, t)v(x, t) in RN × (0,+∞) if  < 0, where 0 deﬁned as
(4.6) below. Moreover, there exists a positive constant C such that
‖u(x, t)‖∞Ct−a for all t > 0. (4.3)
Since t(t)Ap∞t , where is A∞ deﬁned in Lemma 4.1 below. Therefore, the proof
of Theorem 1.2 is complete. 
Lemma 4.1. There exists a positive constant 0 = 0() such that the problem (4.2)
has a global solution (A(t), B(t)) with A(t) bounded in [0,+∞) if  ∈ [0, 0).
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Proof. The local existence and uniqueness of solution (A(t), B(t)) of (4.2) follows
from the standard theory of initial value problem on ordinary differential equation.
From (4.2), for t > 0 we have A′(t) > 0, A(t) > 1 and the solution be continued as
long as the solution exists and A(t) is ﬁnite.
By (4.2), when A(s) exist in [0, t], B(t) is uniquely deﬁned by
B(t) =
∫ t
0
Ap(s) ds
and we have
B(s) =
∫ s
0
Ap() dAp(0)s = s for all s ∈ [0, t]. (4.4)
From (4.2),  = 1
ap+2 and a > a
∗ = 2
q−p−1 it follows that
1− A1−q(t) = (q − 1)q−1q−1
∫ t
0
(pB(s)+ 0)−a(q−1) ds
 (q − 1)q−1q−1
∫ t
0
(ps + 0)−a(q−1) ds
 q − 1
a(q − 1)− 1 
q−1q−1−p−a(q−1)+10 . (4.5)
Let 0 = 0() be a positive constant deﬁned by
q − 1
a(q − 1)− 1 
q−1q−1−p0 
−a(q−1)+1
0 = 1 (4.6)
and given a ﬁxed  ∈ (0, 0), we set
D = D() = q − 1
a(q − 1)− 1 
q−1q−1−p−a(q−1)+10 ,
A∞ = A∞() =
(
1
1−D
) 1
q−1
. (4.7)
Thus, for any  ∈ (0, 0), it follows from (4.5)–(4.7) that
A(t)A∞ (4.8)
as long as A(t) exists since q > p + 1.
Moreover, it is easy to prove that A(t) exists for all t0 and A(t) is bounded by
A∞.
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On the other hand, by (4.2), (4.4) and (4.8) we have
tB(t)Ap∞t for all t0 (4.9)
thus B(t) is also global. The proof of Lemma 4.1 is complete. 
5. Life span
In this section, we shall prove Theorem 1.3 estimating the life span T ∗ both from
below and from above. We start with the following lemma used to obtain a lower
estimate of T ∗ :
Lemma 5.1 (Mukai et al. [18]). For q > 1. Let f (t) > 0 be a bounded continuous
function of t0. Then the solution of the following Cauchy problem:
y′(t) = f (t)yq(t), t > 0,
y(t) = y0 > 0, (5.1)
is given by
y(t) =
{
y
−(q−1)
0 − (q − 1)
∫ t
0
f (s) ds
}−1/(q−1)
. (5.2)
Next, in order to obtain an upper estimate of T ∗ , we put
u(x, t) = u(1/a∗x,(q−1)t). (5.3)
Then u(x, t) solves the problem
t u = up u + uq, x ∈ RN, t > 0,
u(x, 0) = ()(1/a∗x), x ∈ RN. (5.4)
Let T ∗ be the life span of u(x, t), and set
J
(t; u) = 1
p − 1
∫
RN
u
1−p
 S
(x) dx, t ∈ [0, T ∗ ), (5.5)
where 
 > 0, S
(x) = −N/2
N/2e−
|x|2 satisﬁes S
(x) − 2N
S
(x) for x ∈ RN
and
∫
RN
S
(x)dx = 1.
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Lemma 5.2. For any l0 satisfying 0 < l0 < 1. If
J
(0; u) 1
p − 1
(
l0
2N

) p−1
q−p−1 = C0, (5.6)
then the solution u(x, t) of (5.4) blows up in ﬁnite time, and we have
T ∗ 
(p − 1)(q−1)/(p−1)
(1− l0)(q − 1) J
(q−1)/(p−1)

 (0; u(x, 0)). (5.7)
Proof. By (5.4) and (5.5), we have
J ′
(t; u) = −
∫
RN
(u + uq−p )S
(x) dx
 2N

∫
RN
uS
(x) dx −
∫
RN
u
q−p
 S
(x) dx. (5.8)
Since p > 1, q − p > 1, and ∫
RN
S
(x) dx = 1, by Jensen’s and Holder’s inequalities,
we have
∫
RN
u
1−p
 S
 dx
(∫
RN
uS
 dx
)1−p
and
∫
RN
u
q−p
 S
 dx
(∫
RN
uS

)q−p
. (5.9)
It follows from (5.8) (5.9) that
J ′
(t, u)  [2N
− ((p − 1)J
(t; u))−(q−p−1)/(p−1)]
∫
RN
uS
 dx
 −(1− l0)[(p − 1)J
(t; u)]−(q−p−1)/(p−1)
(∫
RN
u
1−p
 S

)−1/(p−1)
= −(1− l0)(p − 1)−(q−p)/(p−1)[J
(t; u)]−(q−p)/(p−1), (5.10)
the second inequality in (5.10) holds as long as
J
(t; u) 1
p − 1
[
l0
2N

](p−1)/(q−p−1)
for all t ∈ [0, T ∗ ). (5.11)
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Hence, if J
(0; u(x, 0)) satisﬁes (5.6), then J
(t; u) decreases and remains below C0
for all t ∈ [0, T ∗ ]; and an integration of (5.10) shows that
J
(t; u)(J
q−1
p−1

 (0; u(x, 0))− C1t)
p−1
q−1 , (5.12)
with C1 = (1− l0)(q − 1)(p − 1)−(q−1)/(p−1). It from (5.12) follows that the estimate
(5.7) holds, the proof of Lemma 5.2 is complete. 
Proof of Theorem 1.3. Step 1: We set f (t) = 1 and y0 = ‖u0‖∞ = ‖(x)‖∞ in
Lemma 5.1. Then y(t) is a supersolution of (1.4), and by comparison principle, the
solution u(x, t) of (1.4) exists at least up to the existence time of y(t). Thus we obtain
T ∗ 
1
q − 1 (‖‖∞)
−(q−1) (5.13)
for all  > 0.
Step 2: Taking  = −1, and since
J
(0; u(x, 0)) = 
−N/2
p − 1
∫
RN
1−p(−1/a
∗

−1/2x)e−|x|2 dx.
It follows that
lim
→∞
J
(0; u) = 1
p − 1 
1−p(0) > 0.
Thus, if we choose 0 < 
 < l02N 
2/a∗(0) such that (5.6) holds for  large enough, then
by Lemma 5.2 we have
lim sup
→∞
T ∗ 
1
(1− l0)(q − 1) 
−(q−1)(0). (5.14)
By the relation T ∗ = q−1T ∗ = −(q−1)T ∗ , it follows from (5.13), (5.14) that assertion(i) holds.
Step 3: Since J
(0; u) > 0 and
lim
→0
J
(0; u) = lim

→0 J
(0; u) =
1
p − 1 
1−p∞ > 0. (5.15)
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Then (5.6) holds for any  > 0 if we choose 
 small enough. By a same proof as Step
2, we can obtain
lim sup
→0
q−1T ∗ 
1
(1− l0)(q − 1) 
−(q−1)∞ . (5.16)
Combining this with (5.13), we conclude assertion (ii). The proof of Theorem 1.3 is
complete. 
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